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'Stétérﬁ:éht-: "The sum of two rational numbers is rational.”

By dcfinition, a rational number can be cxpressed as a fraction with intcger values in the numerator and
denominator (denominator not zero). So, adding two rationals is the same as adding two such [raclions,
which will result in another fraction of this same form since integers are closed under addition and

multiplication. Thus, adding two rational numbers produccs another rational number.

Proof:
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Given: T and = arc rational numbers with a,b, ¢, d integers(h, d #0).
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Prove: E+B— or -—+-? are rational numbers.
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If denominators are the same:
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b
ad +cb
bd
Since integers are closed under addition and multiplication, a + ¢, ad, cb, bd

h#0.d=0
If denominators are different:

+
L o n
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: a+c ad +cb - -
and ad +cb are integers. Thus, 5 and 7 are fractions with integer
-

values in the numerators and denominators, making them rational numbers.

Statement: | "The product of two rational numbers is rational.”

Again, by dcfinition, a rational number can be expressed as a fraction with integer values in the numerator
and denominator (denominator not zero). So, multiplying two rationals is the same as multiplying two
such fractions, which will result in another fraction of this same form since intcgers arc closed under
multiplication. Thus, multiplying two rational numbers produces another rational number.
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Proof:

. a ¢ ) ) A
Given: 3 and 7 arc ralional numbers with ¢, b,¢,d integers(b, d #0).
¢

a c¢ . ;
Prove: —x —{ 15 a rational number.
¢

= — = — }b;’:O; d=0

Since integers are closed under multiplication, ac and bd are integers.
ae ;. . e o ; ;

Thus, o is a fraction with integers in the numerator and denominator,

4
making it a rational number.

Look out! This ncxt part gets tricky!!

Statement: | "The sum of two irrational numbers is SOMETIMES irrational.”

The sum of two irrational numbers, in some cascs, will be irrational. However, if the irmational parts of the
numbers have a zero sum (cancel each other out), the sum will be rational.

4+f5 +3+/2 = 4+/5 + 32 ; which is irrational
2+ Gﬁ) + (-0 \ﬁ) = 2 1 which 1s rational

Statement: | "The product of two irrational numbers is SOMETIMES irrational.”

The product of two irrational numbers, in some cases, will be irrational. However, it is possible that some
irrational numbers may multiply to form a rational product.

5 x~2 =10 . which is irrational
J§ X \E =16 =4 - which is rational
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"The sum of a rational number and an irrational number is
irrational.”

Statement:

By definition, an irrational number in dccimal form goes on forever without repeating (a non-repeating,
non-terminating decimal). By definition, a rational number in decimal form cither terminates or repeats.
If you add a non-repeating, non-terminating decimal to a terminating decimal, you still have a non-
repeating, non-terminating decimal. If you add a non-repeating, non-terminating decimal to a repeating
decimal, you will no longer have a repeating decimal.

Examples:
3445 =3+ 2.236067977... = 5.236067977... : which is irrational

4-;-&- 7=4.333333333...+3.141592653... = 7.474925986... : which is irrational

Indirect Proof (Proof by Contradiction):

(Assume the opposite of what you want to prove, and show it leads to a contradiction of a known fact.)

) .. . ; a. : ¢
Assume x is an irrational number, and the sum of x and a rational —is a rational —,

? [4
: i a ¢ . ¢ a
where a, b, ¢, and d are integers (b,d #0). Then x+—=—. By subtraction, x=—-—,
b d d b
ch—-ad . : e .
andx= g Since integers are closed under multiplication and subtraction, ¢h, ad.,
14

) . cb - ad . G G SRS
bd and cbh -ad are integers, making f—llh a rational number by defimtion. This
2

is a contradiction to the given fact that x is an irrational number. The assumption is

wrong. The sum of a rational number and an irrational number is an irrational number.

This one is sneaky!!
Statement: "The product of a rational number and an irrational number is
SOMETIMES irrational.”

If you multiply any irrational number by the rational number zero, the result will be zero, which is
rational. Any other situation, however, of a rational times an irrational will be irrational.

“BEWARE

-
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A better statement would be:
"The product of a non-zero rational number and an irrational number is
irrational.”

Indirect Proof (Proof by Contradiction) of the better statement:
(Assume the opposite of what you want to prove, and show it leads to a contradiction of a known fact.)

; & ; . a. : c
Assume x is an irrational number, and the product ol x and a rational 315 arational —,
{
¢ a_ch

. i a ¢ 2
where a, b, ¢, and d are integers (@,b,d #0). Then xe—=—. By division.x=—=—=—.
b d d b da

" e . . ¢b .
Since integers are closed under multiplication, ¢b, and da are integers, making - a rational
da

number by definition. This is a contradiction to the given lact that x is an irrational number.
The assumption is wrong. The product of a non-zero rational number and an irrational number

1S an irrational number.
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